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IB mission statement
The International Baccalaureate aims to develop inquiring, knowledgeable and caring young people who help to 
create a better and more peaceful world through intercultural understanding and respect.

To this end the organization works with schools, governments and international organizations to develop challenging 
programmes of international education and rigorous assessment.

These programmes encourage students across the world to become active, compassionate and lifelong learners who 
understand that other people, with their differences, can also be right. 

IB learner profile
The aim of all IB programmes is to develop internationally minded people who, recognizing their common humanity 
and shared guardianship of the planet, help to create a better and more peaceful world. 

IB learners strive to be:

Inquirers They develop their natural curiosity. They acquire the skills necessary to conduct inquiry 
and research and show independence in learning. They actively enjoy learning and this love 
of learning will be sustained throughout their lives.

Knowledgeable They explore concepts, ideas and issues that have local and global significance. In so doing, 
they acquire in-depth knowledge and develop understanding across a broad and balanced 
range of disciplines.

Thinkers They exercise initiative in applying thinking skills critically and creatively to recognize 
and approach complex problems, and make reasoned, ethical decisions.

Communicators They understand and express ideas and information confidently and creatively in more 
than one language and in a variety of modes of communication. They work effectively and 
willingly in collaboration with others.

Principled They act with integrity and honesty, with a strong sense of fairness, justice and respect for 
the dignity of the individual, groups and communities. They take responsibility for their 
own actions and the consequences that accompany them.

Open-minded They understand and appreciate their own cultures and personal histories, and are open 
to the perspectives, values and traditions of other individuals and communities. They are 
accustomed to seeking and evaluating a range of points of view, and are willing to grow 
from the experience.

Caring They show empathy, compassion and respect towards the needs and feelings of others. 
They have a personal commitment to service, and act to make a positive difference to the 
lives of others and to the environment.

Risk-takers They approach unfamiliar situations and uncertainty with courage and forethought, and 
have the independence of spirit to explore new roles, ideas and strategies. They are brave 
and articulate in defending their beliefs.

Balanced They understand the importance of intellectual, physical and emotional balance to achieve 
personal well-being for themselves and others. 

Reflective They give thoughtful consideration to their own learning and experience. They are able to 
assess and understand their strengths and limitations in order to support their learning and 
personal development.

© International Baccalaureate Organization 2007
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Purpose of this document

Introduction

This publication is intended to guide the planning, teaching and assessment of the subject in schools. Subject 
teachers are the primary audience, although it is expected that teachers will use the guide to inform students 
and parents about the subject.

This guide can be found on the subject page of the online curriculum centre (OCC) at http://occ.ibo.org, a 
password-protected IB website designed to support IB teachers. It can also be purchased from the IB store at 
http://store.ibo.org.

Additional resources
Additional publications such as teacher support materials, subject reports and grade descriptors can also be 
found on the OCC. Specimen and past examination papers as well as markschemes can be purchased from the 
IB store.

Teachers are encouraged to check the OCC for additional resources created or used by other teachers. Teachers 
can provide details of useful resources, for example: websites, books, videos, journals or teaching ideas.

First examinations 2014
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Introduction

The Diploma Programme

The Diploma Programme is a rigorous pre-university course of study designed for students in the 16 to 19 
age range. It is a broad-based two-year course that aims to encourage students to be knowledgeable and 
inquiring, but also caring and compassionate. There is a strong emphasis on encouraging students to develop 
intercultural understanding, open-mindedness, and the attitudes necessary for them to respect and evaluate a 
range of points of view.

The Diploma Programme hexagon
The course is presented as six academic areas enclosing a central core (see figure 1). It encourages the concurrent 
study of a broad range of academic areas. Students study: two modern languages (or a modern language and 
a classical language); a humanities or social science subject; an experimental science; mathematics; one of 
the creative arts. It is this comprehensive range of subjects that makes the Diploma Programme a demanding 
course of study designed to prepare students effectively for university entrance. In each of the academic areas 
students have f lexibility in making their choices, which means they can choose subjects that particularly 
interest them and that they may wish to study further at university.

Studies in language 
and literature

Individuals
and societies
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The arts

Experimental
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The Diploma Programme

Choosing the right combination
Students are required to choose one subject from each of the six academic areas, although they can choose a 
second subject from groups 1 to 5 instead of a group 6 subject. Normally, three subjects (and not more than 
four) are taken at higher level (HL), and the others are taken at standard level (SL). The IB recommends 240 
teaching hours for HL subjects and 150 hours for SL. Subjects at HL are studied in greater depth and breadth 
than at SL.

At both levels, many skills are developed, especially those of critical thinking and analysis. At the end of 
the course, students’ abilities are measured by means of external assessment. Many subjects contain some 
element of coursework assessed by teachers. The courses are available for examinations in English, French and 
Spanish, with the exception of groups 1 and 2 courses where examinations are in the language of study.

The core of the hexagon
All Diploma Programme students participate in the three course requirements that make up the core of the 
hexagon. Reflection on all these activities is a principle that lies at the heart of the thinking behind the Diploma 
Programme.

The theory of knowledge course encourages students to think about the nature of knowledge, to reflect on 
the process of learning in all the subjects they study as part of their Diploma Programme course, and to make 
connections across the academic areas. The extended essay, a substantial piece of writing of up to 4,000 words, 
enables students to investigate a topic of special interest that they have chosen themselves. It also encourages 
them to develop the skills of independent research that will be expected at university. Creativity, action, service 
involves students in experiential learning through a range of artistic, sporting, physical and service activities.

The IB mission statement and the IB learner profile
The Diploma Programme aims to develop in students the knowledge, skills and attitudes they will need to 
fulfill the aims of the IB, as expressed in the organization’s mission statement and the learner profile. Teaching 
and learning in the Diploma Programme represent the reality in daily practice of the organization’s educational 
philosophy.
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Introduction

Nature of the subject

Introduction
The nature of mathematics can be summarized in a number of ways: for example, it can be seen as a well-
defined body of knowledge, as an abstract system of ideas, or as a useful tool. For many people it is probably 
a combination of these, but there is no doubt that mathematical knowledge provides an important key to 
understanding the world in which we live. Mathematics can enter our lives in a number of ways: we buy 
produce in the market, consult a timetable, read a newspaper, time a process or estimate a length. Mathematics, 
for most of us, also extends into our chosen profession: visual artists need to learn about perspective; musicians 
need to appreciate the mathematical relationships within and between different rhythms; economists need 
to recognize trends in financial dealings; and engineers need to take account of stress patterns in physical 
materials. Scientists view mathematics as a language that is central to our understanding of events that occur 
in the natural world. Some people enjoy the challenges offered by the logical methods of mathematics and 
the adventure in reason that mathematical proof has to offer. Others appreciate mathematics as an aesthetic 
experience or even as a cornerstone of philosophy. This prevalence of mathematics in our lives, with all its 
interdisciplinary connections, provides a clear and sufficient rationale for making the study of this subject 
compulsory for students studying the full diploma.

Summary of courses available
Because individual students have different needs, interests and abilities, there are four different courses in 
mathematics. These courses are designed for different types of students: those who wish to study mathematics 
in depth, either as a subject in its own right or to pursue their interests in areas related to mathematics; those 
who wish to gain a degree of understanding and competence to understand better their approach to other 
subjects; and those who may not as yet be aware how mathematics may be relevant to their studies and in their 
daily lives. Each course is designed to meet the needs of a particular group of students. Therefore, great care 
should be taken to select the course that is most appropriate for an individual student.

In making this selection, individual students should be advised to take account of the following factors:

•	 their own abilities in mathematics and the type of mathematics in which they can be successful

•	 their own interest in mathematics and those particular areas of the subject that may hold the most interest 
for them

•	 their other choices of subjects within the framework of the Diploma Programme

•	 their academic plans, in particular the subjects they wish to study in future

•	 their choice of career.

Teachers are expected to assist with the selection process and to offer advice to students.
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Nature of the subject

Mathematical studies SL
This course is available only at standard level, and is equivalent in status to mathematics SL, but addresses 
different needs. It has an emphasis on applications of mathematics, and the largest section is on statistical 
techniques. It is designed for students with varied mathematical backgrounds and abilities. It offers students 
opportunities to learn important concepts and techniques and to gain an understanding of a wide variety 
of mathematical topics. It prepares students to be able to solve problems in a variety of settings, to develop 
more sophisticated mathematical reasoning and to enhance their critical thinking. The individual project is an 
extended piece of work based on personal research involving the collection, analysis and evaluation of data. 
Students taking this course are well prepared for a career in social sciences, humanities, languages or arts. 
These students may need to utilize the statistics and logical reasoning that they have learned as part of the 
mathematical studies SL course in their future studies.

Mathematics SL
This course caters for students who already possess knowledge of basic mathematical concepts, and who are 
equipped with the skills needed to apply simple mathematical techniques correctly. The majority of these 
students will expect to need a sound mathematical background as they prepare for future studies in subjects 
such as chemistry, economics, psychology and business administration.

Mathematics HL
This course caters for students with a good background in mathematics who are competent in a range of 
analytical and technical skills. The majority of these students will be expecting to include mathematics as 
a major component of their university studies, either as a subject in its own right or within courses such as 
physics, engineering and technology. Others may take this subject because they have a strong interest in 
mathematics and enjoy meeting its challenges and engaging with its problems.

Further mathematics HL
This course is available only at higher level. It caters for students with a very strong background in mathematics 
who have attained a high degree of competence in a range of analytical and technical skills, and who display 
considerable interest in the subject. Most of these students will expect to study mathematics at university, either 
as a subject in its own right or as a major component of a related subject. The course is designed specifically 
to allow students to learn about a variety of branches of mathematics in depth and also to appreciate practical 
applications. It is expected that students taking this course will also be taking mathematics HL.

Note: Mathematics HL is an ideal course for students expecting to include mathematics as a major component 
of their university studies, either as a subject in its own right or within courses such as physics, engineering 
or technology. It should not be regarded as necessary for such students to study further mathematics HL. 
Rather, further mathematics HL is an optional course for students with a particular aptitude and interest in 
mathematics, enabling them to study some wider and deeper aspects of mathematics, but is by no means a 
necessary qualification to study for a degree in mathematics.

Further mathematics HL—course details
The nature of the subject is such that it focuses on different branches of mathematics to encourage students to 
appreciate the diversity of the subject. Students should be equipped at this stage in their mathematical progress 
to begin to form an overview of the characteristics that are common to all mathematical thinking, independent 
of topic or branch.
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Nature of the subject

All categories of student can register for mathematics HL only or for further mathematics HL only or for 
both. However, students registering for further mathematics HL will be presumed to know the topics in the 
core syllabus of mathematics HL and to have studied one of the options, irrespective of whether they have also 
registered for mathematics HL.

Examination questions are intended to be comparable in difficulty with those set on the four options in the 
mathematics HL course. The challenge for students will be to reach an equivalent level of understanding 
across all topics. There is no internal assessment component in this course. Although not a requirement, it is 
expected that students studying further mathematics HL will also be studying mathematics HL and therefore 
will be required to undertake a mathematical exploration for the internal assessment component of that course.

Prior learning
Mathematics is a linear subject, and it is expected that most students embarking on a Diploma Programme 
(DP) mathematics course will have studied mathematics for at least 10 years. There will be a great variety of 
topics studied, and differing approaches to teaching and learning. Thus students will have a wide variety of 
skills and knowledge when they start the further mathematics HL course. Most will have some background in 
arithmetic, algebra, geometry, trigonometry, probability and statistics. Some will be familiar with an inquiry 
approach, and may have had an opportunity to complete an extended piece of work in mathematics.

As previously stated, students registering for further mathematics HL will be presumed to know the topics in 
the core syllabus of mathematics HL and to have studied one of the options.

Links to the Middle Years Programme
The prior learning topics for the DP courses have been written in conjunction with the Middle Years 
Programme (MYP) mathematics guide. The approaches to teaching and learning for DP mathematics build 
on the approaches used in the MYP. These include investigations, exploration and a variety of different 
assessment tools.

A continuum document called Mathematics: The MYP–DP continuum (November 2010) is available on the 
DP mathematics home pages of the OCC. This extensive publication focuses on the alignment of mathematics 
across the MYP and the DP. It was developed in response to feedback provided by IB World Schools, which 
expressed the need to articulate the transition of mathematics from the MYP to the DP. The publication also 
highlights the similarities and differences between MYP and DP mathematics, and is a valuable resource for 
teachers.

Mathematics and theory of knowledge
The Theory of knowledge guide (March 2006) identifies four ways of knowing, and it could be claimed that 
these all have some role in the acquisition of mathematical knowledge. While perhaps initially inspired by data 
from sense perception, mathematics is dominated by reason, and some mathematicians argue that their subject 
is a language, that it is, in some sense, universal. However, there is also no doubt that mathematicians perceive 
beauty in mathematics, and that emotion can be a strong driver in the search for mathematical knowledge.

As an area of knowledge, mathematics seems to supply a certainty perhaps missing in other disciplines. This 
may be related to the “purity” of the subject that makes it sometimes seem divorced from reality. However, 
mathematics has also provided important knowledge about the world, and the use of mathematics in science 
and technology has been one of the driving forces for scientific advances.
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Nature of the subject

Despite all its undoubted power for understanding and change, mathematics is in the end a puzzling 
phenomenon. A fundamental question for all knowers is whether mathematical knowledge really exists 
independently of our thinking about it. Is it there “waiting to be discovered” or is it a human creation?

Students’ attention should be drawn to questions relating theory of knowledge (TOK) and mathematics, and 
they should be encouraged to raise such questions themselves, in mathematics and TOK classes. This includes 
questioning all the claims made above. Examples of issues relating to TOK are given in the “Links” column of 
the syllabus. Teachers could also discuss questions such as those raised in the “Areas of knowledge” section of 
the TOK guide.

Mathematics and the international dimension
Mathematics is in a sense an international language, and, apart from slightly differing notation, mathematicians 
from around the world can communicate within their field. Mathematics transcends politics, religion and 
nationality, yet throughout history great civilizations owe their success in part to their mathematicians being 
able to create and maintain complex social and architectural structures.

Despite recent advances in the development of information and communication technologies, the global 
exchange of mathematical information and ideas is not a new phenomenon and has been essential to the 
progress of mathematics. Indeed, many of the foundations of modern mathematics were laid many centuries 
ago by Arabic, Greek, Indian and Chinese civilizations, among others. Teachers could use timeline websites 
to show the contributions of different civilizations to mathematics, but not just for their mathematical content. 
Illustrating the characters and personalities of the mathematicians concerned and the historical context in 
which they worked brings home the human and cultural dimension of mathematics.

The importance of science and technology in the everyday world is clear, but the vital role of mathematics 
is not so well recognized. It is the language of science, and underpins most developments in science and 
technology. A good example of this is the digital revolution, which is transforming the world, as it is all based 
on the binary number system in mathematics.

Many international bodies now exist to promote mathematics. Students are encouraged to access the extensive 
websites of international mathematical organizations to enhance their appreciation of the international 
dimension and to engage in the global issues surrounding the subject.

Examples of global issues relating to international-mindedness (Int) are given in the “Links” column of the 
syllabus.
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Introduction

Aims

Group 5 aims
The aims of all mathematics courses in group 5 are to enable students to:

1.	 enjoy mathematics, and develop an appreciation of the elegance and power of mathematics

2.	 develop an understanding of the principles and nature of mathematics

3.	 communicate clearly and confidently in a variety of contexts

4.	 develop logical, critical and creative thinking, and patience and persistence in problem-solving

5.	 employ and refine their powers of abstraction and generalization

6.	 apply and transfer skills to alternative situations, to other areas of knowledge and to future developments

7.	 appreciate how developments in technology and mathematics have influenced each other

8.	 appreciate the moral, social and ethical implications arising from the work of mathematicians and the 
applications of mathematics

9.	 appreciate the international dimension in mathematics through an awareness of the universality of 
mathematics and its multicultural and historical perspectives

10.	 appreciate the contribution of mathematics to other disciplines, and as a particular “area of knowledge” 
in the TOK course.
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Introduction

Assessment objectives

Problem-solving is central to learning mathematics and involves the acquisition of mathematical skills and 
concepts in a wide range of situations, including non-routine, open-ended and real-world problems. Having 
followed a DP mathematics HL course, students will be expected to demonstrate the following.

1.	 Knowledge and understanding: recall, select and use their knowledge of mathematical facts, concepts 
and techniques in a variety of familiar and unfamiliar contexts.

2.	 Problem-solving: recall, select and use their knowledge of mathematical skills, results and models in 
both real and abstract contexts to solve problems.

3.	 Communication and interpretation: transform common realistic contexts into mathematics; comment 
on the context; sketch or draw mathematical diagrams, graphs or constructions both on paper and using 
technology; record methods, solutions and conclusions using standardized notation.

4.	 Technology: use technology, accurately, appropriately and efficiently both to explore new ideas and to 
solve problems.

5.	 Reasoning: construct mathematical arguments through use of precise statements, logical deduction and 
inference, and by the manipulation of mathematical expressions.

6.	 Inquiry approaches: investigate unfamiliar situations, both abstract and real-world, involving organizing 
and analysing information, making conjectures, drawing conclusions and testing their validity.
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Syllabus outline

Syllabus

Syllabus component
Teaching hours

HL

All topics are compulsory. Students must study all the sub-topics in each of the 
topics in the syllabus as listed in this guide. Students are also required to be familiar 
with all of the core topics in mathematics HL.

Topic 1

Linear algebra

48

Topic 2

Geometry

48

Topic 3

Statistics and probability

48

Topic 4

Sets, relations and groups

48

Topic 5

Calculus

48

Topic 6

Discrete mathematics

48

Note: One of topics 3–6 will be assumed to have been taught as part of the 
mathematics HL course and therefore the total teaching hours will be 240 not 288.

Total teaching hours 240
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Syllabus

Approaches to the teaching and learning of  
further mathematics HL

Throughout the DP further mathematics HL course, students should be encouraged to develop their 
understanding of the methodology and practice of the discipline of mathematics. The processes of 
mathematical inquiry, mathematical modelling and applications and the use of technology should be 
introduced appropriately. These processes should be used throughout the course, and not treated in isolation.

Mathematical inquiry
The IB learner profile encourages learning by experimentation, questioning and discovery. In the IB 
classroom, students should generally learn mathematics by being active participants in learning activities 
rather than recipients of instruction. Teachers should therefore provide students with opportunities to learn 
through mathematical inquiry. This approach is illustrated in figure 2.

Explore the context

Make a conjecture

Extend

Prove

Accept

Reject
Test the conjecture

Figure 2
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Approaches to the teaching and learning of further mathematics HL 

Mathematical modelling and applications
Students should be able to use mathematics to solve problems in the real world. Engaging students in the 
mathematical modelling process provides such opportunities. Students should develop, apply and critically 
analyse models. This approach is illustrated in figure 3.

Pose a real-world problem

Develop a model

Extend

Reflect on and apply the model

Accept

Reject
Test the model

Figure 3

Technology
Technology is a powerful tool in the teaching and learning of mathematics. Technology can be used to enhance 
visualization and support student understanding of mathematical concepts. It can assist in the collection, 
recording, organization and analysis of data. Technology can increase the scope of the problem situations that 
are accessible to students. The use of technology increases the feasibility of students working with interesting 
problem contexts where students reflect, reason, solve problems and make decisions.

As teachers tie together the unifying themes of mathematical inquiry, mathematical modelling and 
applications and the use of technology, they should begin by providing substantial guidance, and then 
gradually encourage students to become more independent as inquirers and thinkers. IB students should learn 
to become strong communicators through the language of mathematics. Teachers should create a safe learning 
environment in which students are comfortable as risk-takers.

Teachers are encouraged to relate the mathematics being studied to other subjects and to the real world, 
especially topics that have particular relevance or are of interest to their students. Everyday problems and 
questions should be drawn into the lessons to motivate students and keep the material relevant; suggestions are 
provided in the “Links” column of the syllabus.
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Approaches to the teaching and learning of further mathematics HL 

For further information on “Approaches to teaching a DP course”, please refer to the publication The Diploma 
Programme: From principles into practice (April 2009). To support teachers, a variety of resources can be 
found on the OCC and details of workshops for professional development are available on the public website.

Format of the syllabus
•	 Content: this column lists, under each topic, the sub-topics to be covered.

•	 Further guidance: this column contains more detailed information on specific sub-topics listed in the 
content column. This clarifies the content for examinations.

•	 Links: this column provides useful links to the aims of the further mathematics HL course, with 
suggestions for discussion, real-life examples and ideas for further investigation. These suggestions are 
only a guide for introducing and illustrating the sub-topic and are not exhaustive. Links are labelled 
as follows.

Appl	 real-life examples and links to other DP subjects

Aim 8	 moral, social and ethical implications of the sub-topic

Int	 international-mindedness

TOK	 suggestions for discussion

Note that any syllabus references to other subject guides given in the “Links” column are correct for the 
current (2012) published versions of the guides.

Notes on the syllabus
•	 Formulae are only included in this document where there may be some ambiguity. All formulae required 

for the course are in the mathematics HL and further mathematics HL formula booklet.

•	 The term “technology” is used for any form of calculator or computer that may be available. However, 
there will be restrictions on which technology may be used in examinations, which will be noted in 
relevant documents.

•	 The terms “analysis” and “analytic approach” are generally used when referring to an approach that does 
not use technology.

Course of study
The content of topics 1 and 2 as well as three out of the four remaining topics in the syllabus must be taught, 
although not necessarily in the order in which they appear in this guide. Teachers are expected to construct a 
course of study that addresses the needs of their students and includes, where necessary, the topics noted in 
prior learning.
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Approaches to the teaching and learning of further mathematics HL 

Time allocation
The recommended teaching time for higher level courses is 240 hours. The time allocations given in this 
guide are approximate, and are intended to suggest how the 240 hours allowed for the teaching of the syllabus 
might be allocated. However, the exact time spent on each topic depends on a number of factors, including 
the background knowledge and level of preparedness of each student. Teachers should therefore adjust these 
timings to correspond to the needs of their students.

Use of calculators
Students are expected to have access to a graphic display calculator (GDC) at all times during the course. 
The minimum requirements are reviewed as technology advances, and updated information will be provided 
to schools. It is expected that teachers and schools monitor calculator use with reference to the calculator 
policy. Regulations covering the types of calculators allowed in examinations are provided in the Handbook of 
procedures for the Diploma Programme. Further information and advice is provided in the Mathematics HL/
SL: Graphic display calculators teacher support material (May 2005) and on the OCC.

Mathematics HL and further mathematics 
HL formula booklet
Each student is required to have access to a clean copy of this booklet during the examination. It is 
recommended that teachers ensure students are familiar with the contents of this document from the beginning 
of the course. It is the responsibility of the school to download a copy from IBIS or the OCC, check that there 
are no printing errors, and ensure that there are sufficient copies available for all students.

Command terms and notation list
Teachers and students need to be familiar with the IB notation and the command terms, as these will be used 
without explanation in the examination papers. The “Glossary of command terms” and “Notation list” appear 
as appendices in this guide.
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 h

an
dl

e 
or

 p
ro

ce
ss

 
in

fo
rm

at
io

n.
 

T
O

K
: G

iv
en

 th
e 

m
an

y 
ap

pl
ic

at
io

ns
 o

f m
at

ric
es

 
as

 se
en

 in
 th

is
 c

ou
rs

e,
 c

on
sid

er
 th

e 
fa

ct
 th

at
 

m
at

he
m

at
ic

ia
ns

 m
ar

ve
l a

t s
om

e 
of

 th
e 

de
ep

 
co

nn
ec

tio
ns

 b
et

w
ee

n 
di

sp
ar

at
e 

pa
rts

 o
f t

he
ir 

su
bj

ec
t. 

Is
 th

is
 e

vi
de

nc
e 

fo
r a

 si
m

pl
e 

un
de

rly
in

g 
m

at
he

m
at

ic
al

 re
al

ity
? 

M
ul

tip
lic

at
io

n 
of

 m
at

ric
es

. 

Pr
op

er
tie

s o
f m

at
rix

 m
ul

tip
lic

at
io

n:
 

as
so

ci
at

iv
ity

, d
is

tri
bu

tiv
ity

. 

Id
en

tit
y 

an
d 

ze
ro

 m
at

ric
es

. 

Tr
an

sp
os

e 
of

 a
 m

at
rix

 in
cl

ud
in

g 
T

A
 n

ot
at

io
n:

 
T

T
T

(
)
=

A
B

B
A

. 

St
ud

en
ts

 sh
ou

ld
 b

e 
fa

m
ili

ar
 w

ith
 th

e 
no

ta
tio

n 
I 

an
d 

0.
 

 
St

ud
en

ts
 sh

ou
ld

 b
e 

fa
m

ili
ar

 w
ith

 th
e 

de
fin

iti
on

 
of

 sy
m

m
et

ric
 a

nd
 sk

ew
-s

ym
m

et
ric

 m
at

ric
es

. 
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Syllabus content

  
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

1.
2 

D
ef

in
iti

on
 a

nd
 p

ro
pe

rti
es

 o
f t

he
 in

ve
rs

e 
of

 a
 

sq
ua

re
 m

at
rix

: 
1

1
1

(
)−

−
−

=
A

B
B

A
, 

T
1

1
T

(
)

(
)

−
−

=
A

A
, 

1
1

(
)

(
)

n
n

−
−

=
A

A
. 

Th
e 

te
rm

s s
in

gu
la

r a
nd

 n
on

-s
in

gu
la

r m
at

ric
es

. 
 

C
al

cu
la

tio
n 

of
1−

A
. 

U
se

 o
f e

le
m

en
ta

ry
 ro

w
 o

pe
ra

tio
ns

 to
 fi

nd
 

1−
A

. 

Fo
rm

ul
ae

 fo
r t

he
 in

ve
rs

e 
an

d 
de

te
rm

in
an

t o
f a

 
2 

× 
2 

m
at

rix
 a

nd
 th

e 
de

te
rm

in
an

t o
f a

 3
 ×

 3
 

m
at

rix
. 

U
si

ng
 a

 G
D

C
. 

Th
e 

re
su

lt 
de

t(
)

de
t

de
t

=
A

B
A

B
. 

1.
3 

El
em

en
ta

ry
 ro

w
 a

nd
 c

ol
um

n 
op

er
at

io
ns

 fo
r 

m
at

ric
es

. 
 

 

Sc
al

in
g,

 sw
ap

pi
ng

 a
nd

 p
iv

ot
in

g.
 

C
or

re
sp

on
di

ng
 e

le
m

en
ta

ry
 m

at
ric

es
. 

R
ow

 re
du

ce
d 

ec
he

lo
n 

fo
rm

. 

R
ow

 sp
ac

e,
 c

ol
um

n 
sp

ac
e 

an
d 

nu
ll 

sp
ac

e.
 

R
ow

 ra
nk

 a
nd

 c
ol

um
n 

ra
nk

 a
nd

 th
ei

r e
qu

al
ity

. 

Pi
vo

tin
g 

is
 th

e 
1

2
R

aR
+

 m
et

ho
d.

 

1.
4 

So
lu

tio
ns

 o
f m

 li
ne

ar
 e

qu
at

io
ns

 in
 n

 u
nk

no
w

ns
: 

bo
th

 a
ug

m
en

te
d 

m
at

rix
 m

et
ho

d,
 le

ad
in

g 
to

 
re

du
ce

d 
ro

w
 e

ch
el

on
 fo

rm
 m

et
ho

d,
 a

nd
 in

ve
rs

e 
m

at
rix

 m
et

ho
d,

 w
he

n 
ap

pl
ic

ab
le

. 

In
cl

ud
e 

th
e 

no
n-

ex
is

te
nt

, u
ni

qu
e 

an
d 

in
fin

ite
ly

 
m

an
y 

ca
se

s. 
In

t:
 A

ls
o 

kn
ow

n 
as

 G
au

ss
ia

n 
el

im
in

at
io

n 
af

te
r 

th
e 

G
er

m
an

 m
at

he
m

at
ic

ia
n 

C
F 

G
au

ss
 (1

77
7–

18
55

). 

A
im

 8
: L

in
ea

r o
pt

im
iz

at
io

n 
w

as
 d

ev
el

op
ed

 b
y 

G
eo

rg
e 

D
an

tz
ig

 in
 th

e 
19

40
s a

s a
 w

ay
 o

f 
al

lo
ca

tin
g 

sc
ar

ce
 re

so
ur

ce
s. 
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Syllabus content

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

1.
5 

Th
e 

ve
ct

or
 sp

ac
e 

n


. 

Li
ne

ar
 c

om
bi

na
tio

ns
 o

f v
ec

to
rs

. 

Sp
an

ni
ng

 se
t. 

Li
ne

ar
 in

de
pe

nd
en

ce
 o

f v
ec

to
rs

. 

 
A

im
 8

: L
in

k 
to

 F
ou

rie
r a

na
ly

si
s f

or
 w

av
es

, 
w

hi
ch

 h
as

 m
an

y 
us

es
 in

 p
hy

si
cs

 (P
hy

si
cs

 4
.5

) 
an

d 
en

gi
ne

er
in

g.
 

B
as

is
 a

nd
 d

im
en

si
on

 fo
r a

 v
ec

to
r s

pa
ce

. 

Su
bs

pa
ce

s. 

In
cl

ud
e 

lin
ea

r d
ep

en
de

nc
e 

an
d 

us
e 

of
 

de
te

rm
in

an
ts

. 

St
ud

en
ts

 sh
ou

ld
 b

e 
fa

m
ili

ar
 w

ith
 th

e 
te

rm
 

or
th

og
on

al
. 

1.
6 

Li
ne

ar
 tr

an
sf

or
m

at
io

ns
: 

T(
u 

+ 
v)

 =
 T

(u
) +

 T
(v

), 
T(

ku
) =

 k
T(

u)
. 

C
om

po
si

tio
n 

of
 li

ne
ar

 tr
an

sf
or

m
at

io
ns

. 

 
A

im
 8

: L
or

en
z 

tra
ns

fo
rm

at
io

ns
 a

nd
 th

ei
r u

se
 in

 
re

la
tiv

ity
 a

nd
 q

ua
nt

um
 m

ec
ha

ni
cs

 (P
hy

si
cs

 
13

.1
). 

D
om

ai
n,

 ra
ng

e,
 c

od
om

ai
n 

an
d 

ke
rn

el
. 

Th
e 

ke
rn

el
 o

f a
 li

ne
ar

 tr
an

sf
or

m
at

io
n 

is
 th

e 
nu

ll 
sp

ac
e 

of
 it

s m
at

rix
 re

pr
es

en
ta

tio
n.

 
R

es
ul

t a
nd

 p
ro

of
 th

at
 th

e 
ke

rn
el

 is
 a

 su
bs

pa
ce

 
of

 th
e 

do
m

ai
n.

 

R
es

ul
t a

nd
 p

ro
of

 th
at

 th
e 

ra
ng

e 
is

 a
 su

bs
pa

ce
 o

f 
th

e 
co

do
m

ai
n.

 

R
an

k-
nu

lli
ty

 th
eo

re
m

 (p
ro

of
 n

ot
 re

qu
ire

d)
. 

D
im

(d
om

ai
n)

 =
 D

im
(r

an
ge

) +
 D

im
(k

er
ne

l) 
 

w
he

re
 

D
im

(r
an

ge
) =

 ra
nk

 a
nd

 D
im

(k
er

ne
l) 

= 
nu

lli
ty

. 
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Syllabus content

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

1.
7 

R
es

ul
t t

ha
t a

ny
 li

ne
ar

 tr
an

sf
or

m
at

io
n 

ca
n 

be
 

re
pr

es
en

te
d 

by
 a

 m
at

rix
, a

nd
 th

e 
co

nv
er

se
 o

f 
th

is
 re

su
lt.

 

R
es

ul
t t

ha
t t

he
 n

um
be

rs
 o

f l
in

ea
rly

 in
de

pe
nd

en
t 

ro
w

s a
nd

 c
ol

um
ns

 a
re

 e
qu

al
, a

nd
 th

is
 is

 th
e 

di
m

en
si

on
 o

f t
he

 ra
ng

e 
of

 th
e 

tra
ns

fo
rm

at
io

n 
(p

ro
of

 n
ot

 re
qu

ire
d)

. 

 
 

A
pp

lic
at

io
n 

of
 li

ne
ar

 tr
an

sf
or

m
at

io
ns

 to
 

so
lu

tio
ns

 o
f s

ys
te

m
 o

f e
qu

at
io

ns
. 

So
lu

tio
n 

of
 A

x 
= 

b.
 

U
si

ng
  

(p
ar

tic
ul

ar
 so

lu
tio

n)
 +

 (a
ny

 m
em

be
r o

f t
he

 n
ul

l 
sp

ac
e)

. 

1.
8 

G
eo

m
et

ric
 tr

an
sf

or
m

at
io

ns
 re

pr
es

en
te

d 
by

 
2 

× 
2 

m
at

ric
es

 in
cl

ud
e 

ge
ne

ra
l r

ot
at

io
n,

 g
en

er
al

 
re

fle
ct

io
n 

in
 

(ta
n

)
y

x
α

=
, s

tre
tc

he
s p

ar
al

le
l t

o 
ax

es
, s

he
ar

s p
ar

al
le

l t
o 

ax
es

, a
nd

 p
ro

je
ct

io
n 

on
to

 
(ta

n
)

y
x

α
=

. 

C
om

po
si

tio
ns

 o
f t

he
 a

bo
ve

 tr
an

sf
or

m
at

io
ns

. 

 
A

im
 8

: C
om

pu
te

r g
ra

ph
ic

s i
n 

th
re

e-
di

m
en

si
on

al
 m

od
el

lin
g.

 

G
eo

m
et

ric
 in

te
rp

re
ta

tio
n 

of
 d

et
er

m
in

an
t. 

N
ew

 a
re

a
de

t
ol

d 
ar

ea
.

A
=

×
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Syllabus content

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

1.
9 

Ei
ge

nv
al

ue
s a

nd
 e

ig
en

ve
ct

or
s o

f 2
 ×

 2
 

m
at

ric
es

. 

C
ha

ra
ct

er
is

tic
 p

ol
yn

om
ia

l o
f 2

 ×
 2

 m
at

ric
es

. 

D
ia

go
na

liz
at

io
n 

of
 2

 ×
 2

 m
at

ric
es

 (r
es

tri
ct

ed
 to

 
th

e 
ca

se
 w

he
re

 th
er

e 
ar

e 
di

st
in

ct
 re

al
 

ei
ge

nv
al

ue
s)

. 

A
pp

lic
at

io
ns

 to
 p

ow
er

s o
f 2

 ×
 2

 m
at

ric
es

. 

G
eo

m
et

ric
 in

te
rp

re
ta

tio
n.

 
St

oc
ha

st
ic

 p
ro

ce
ss

es
. 

St
oc

k 
m

ar
ke

t v
al

ue
s a

nd
 tr

en
ds

. 

In
va

ria
nt

 st
at

es
. 

R
ep

re
se

nt
at

io
n 

of
 c

on
ic

s. 

TO
K

: “
W

e 
ca

n 
us

e 
m

at
he

m
at

ic
s s

uc
ce

ss
fu

lly
 

to
 m

od
el

 re
al

-w
or

ld
 p

ro
ce

ss
es

. I
s t

hi
s b

ec
au

se
 

w
e 

cr
ea

te
 m

at
he

m
at

ic
s t

o 
m

irr
or

 th
e 

w
or

ld
 o

r 
be

ca
us

e 
th

e 
w

or
ld

 is
 in

tri
ns

ic
al

ly
 

m
at

he
m

at
ic

al
?”

 

Fo
r e

xa
m

pl
e,

 th
e 

na
tu

ra
l f

re
qu

en
cy

 o
f a

n 
ob

je
ct

 
ca

n 
be

 c
ha

ra
ct

er
iz

ed
 b

y 
th

e 
ei

ge
nv

al
ue

 o
f 

sm
al

le
st

 m
ag

ni
tu

de
 (1

94
0 

Ta
co

m
a 

N
ar

ro
w

s 
B

rid
ge

 d
is

as
te

r)
. 

A
im

 8
: D

am
pi

ng
 n

oi
se

 in
 c

ar
 d

es
ig

n,
 te

st
 fo

r 
cr

ac
ks

 in
 so

lid
 o

bj
ec

ts
, o

il 
ex

pl
or

at
io

n,
 th

e 
G

oo
gl

e 
Pa

ge
R

an
k 

fo
rm

ul
a,

 a
nd

 “
th

e 
$2

5 
bi

lli
on

 d
ol

la
r e

ig
en

ve
ct

or
”.

 

M
ar

ko
v 

ch
ai

ns
, l

in
k 

w
ith

 g
en

et
ic

s (
B

io
lo

gy
 4

). 
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Syllabus content

T
op

ic
 2

—
G

eo
m

et
ry

 
48

 h
ou

rs
 

Th
e 

ai
m

 o
f t

hi
s s

ec
tio

n 
is

 to
 d

ev
el

op
 st

ud
en

ts
’ g

eo
m

et
ric

 in
tu

iti
on

, v
is

ua
liz

at
io

n 
an

d 
de

du
ct

iv
e 

re
as

on
in

g.
 

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

2.
1 

Si
m

ila
r a

nd
 c

on
gr

ue
nt

 tr
ia

ng
le

s. 

Eu
cl

id
’s

 th
eo

re
m

 fo
r p

ro
po

rti
on

al
 se

gm
en

ts
 in

 
a 

rig
ht

-a
ng

le
d 

tri
an

gl
e.

 

 
T

O
K

, I
nt

: T
he

 in
flu

en
ce

 o
f E

uc
lid

’s
 a

xi
om

at
ic

 
ap

pr
oa

ch
 o

n 
ph

ilo
so

ph
y 

(D
es

ca
rte

s)
 a

nd
 

po
lit

ic
s (

Je
ff

er
so

n:
 A

m
er

ic
an

 D
ec

la
ra

tio
n 

of
 

In
de

pe
nd

en
ce

). 

TO
K

: H
ip

pa
su

s’
 e

xi
st

en
ce

 p
ro

of
 fo

r i
rr

at
io

na
l 

nu
m

be
rs

 a
nd

 im
pa

ct
 o

n 
se

pa
ra

te
 d

ev
el

op
m

en
t 

of
 n

um
be

r a
nd

 g
eo

m
et

ry
. 

TO
K

: C
ris

is
 o

ve
r n

on
-E

uc
lid

ea
n 

ge
om

et
ry

 
pa

ra
lle

ls
 w

ith
 th

at
 o

f C
an

to
r’

s s
et

 th
eo

ry
. 

2.
2 

C
en

tre
s o

f a
 tr

ia
ng

le
: o

rth
oc

en
tre

, i
nc

en
tre

, 
ci

rc
um

ce
nt

re
 a

nd
 c

en
tro

id
. 

Th
e 

te
rm

s a
lti

tu
de

, a
ng

le
 b

is
ec

to
r, 

pe
rp

en
di

cu
la

r b
is

ec
to

r, 
m

ed
ia

n.
 

Pr
oo

f o
f c

on
cu

rr
en

cy
 th

eo
re

m
s. 

Th
e 

te
rm

s i
ns

cr
ib

ed
 a

nd
 c

irc
um

sc
rib

ed
. 

A
pp

l: 
ce

nt
re

 o
f m

as
s, 

tri
an

gu
la

tio
n.

 

2.
3 

C
irc

le
 g

eo
m

et
ry

. 
A

ng
le

 a
t c

en
tre

 th
eo

re
m

 a
nd

 c
or

ol
la

rie
s. 

 

Ta
ng

en
ts

; a
rc

s, 
ch

or
ds

 a
nd

 se
ca

nt
s. 

In
 a

 c
yc

lic
 q

ua
dr

ila
te

ra
l, 

op
po

si
te

 a
ng

le
s a

re
 

su
pp

le
m

en
ta

ry
, a

nd
 th

e 
co

nv
er

se
. 

Th
e 

ta
ng

en
t–

se
ca

nt
 a

nd
 se

ca
nt

–s
ec

an
t 

th
eo

re
m

s a
nd

 in
te

rs
ec

tin
g 

ch
or

ds
 th

eo
re

m
s. 

2.
4 

A
ng

le
 b

is
ec

to
r t

he
or

em
; A

po
llo

ni
us

’ c
irc

le
 

th
eo

re
m

, M
en

el
au

s’
 th

eo
re

m
; C

ev
a’

s t
he

or
em

; 
Pt

ol
em

y’
s t

he
or

em
 fo

r c
yc

lic
 q

ua
dr

ila
te

ra
ls

. 

Pr
oo

fs
 o

f t
he

se
 th

eo
re

m
s a

nd
 c

on
ve

rs
es

. 

Th
e 

us
e 

of
 th

es
e 

th
eo

re
m

s t
o 

pr
ov

e 
fu

rth
er

 
re

su
lts

. 
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Syllabus content

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

2.
5 

Fi
nd

in
g 

eq
ua

tio
ns

 o
f l

oc
i. 

C
oo

rd
in

at
e 

ge
om

et
ry

 o
f t

he
 c

irc
le

. 

Ta
ng

en
ts

 to
 a

 c
irc

le
. 

Th
e 

eq
ua

tio
ns

 
2

2
2

(
)

(
)

x
h

y
k

r
−

+
−

=
 a

nd
 

2
2

0
x

y
dx

ey
f

+
+

+
+

=
. 

TO
K

: C
on

se
qu

en
ce

s o
f D

es
ca

rte
s’

 u
ni

fic
at

io
n 

of
 a

lg
eb

ra
 a

nd
 g

eo
m

et
ry

. 

2.
6 

C
on

ic
 se

ct
io

ns
. 

Th
e 

pa
ra

bo
la

, e
lli

ps
e 

an
d 

hy
pe

rb
ol

a,
 in

cl
ud

in
g 

re
ct

an
gu

la
r h

yp
er

bo
la

. 

Fo
cu

s–
di

re
ct

rix
 d

ef
in

iti
on

s. 

Ta
ng

en
ts

 a
nd

 n
or

m
al

s. 

Th
e 

st
an

da
rd

 fo
rm

s 
2

4
y

ax
=

, 
2

2

2
2

1
x

y
a

b
+

=
, 

2
2

2
2

1
x

y
a

b
−

=
 a

nd
 th

ei
r t

ra
ns

la
tio

ns
. 

A
pp

l: 
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Geometry theorems—clarification of theorems used in topic 2
Teachers and students should be aware that some of the theorems mentioned in this section may be known by 
other names, or some names of theorems may be associated with different statements in some textbooks. To 
avoid confusion, on examination papers, theorems that may be misinterpreted are defined below.

Euclid’s theorem for proportional segments in a right-angled triangle
The proportional segments p and q satisfy the following:

h2 = pq,

a2 = pc,

b2 = qc.

Angle at centre theorem
The angle subtended by an arc at the circumference is half that subtended by the same arc at the centre.

Corollaries
Angles subtended at the circumference by the same arc are equal.

ab

h

c pq

2x

O

x

x x
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The angle in a semicircle is a right angle.

The alternate segment theorem: The angle between a tangent and a chord is equal to the angle subtended by the 
chord in the alternate segment.

The tangent is perpendicular to the radius at the point of tangency.

The intersecting chords theorem
ab = cd

O

x

x

O

a

d

c

b
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The tangent–secant and secant–secant theorems
PT2 = PA × PB = PC × PD 

Apollonius’ circle theorem (circle of Apollonius)
If A and B are two fixed points such that PA

PB
 is a constant not equal to one, then the locus of P is a circle. This 

is called the circle of Apollonius.

Included: the converse of this theorem.

Menelaus’ theorem
If a transversal meets the sides [BC], [CA] and [AB] of a triangle at D, E and F respectively, then

BD
DC

CE
EA

AF
FB

× × = −1.

Converse: if D, E and F are points on the sides [BC], [CA] and [AB], respectively, of a triangle such that 
BD
DC

CE
EA

AF
FB

× × = −1, then D, E and F are collinear.

TP

C

D

B

A

F

B

E

C D

E
F

A

B C D
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Ceva’s theorem
If three concurrent lines are drawn through the vertices A, B and C of a triangle ABC to meet the opposite 
sides at D, E and F respectively, then
BD
DC

� � ��
CE
EA

AF
FB

1.

Converse: if D, E and F are points on [BC], [CA] and [AB], respectively, such that 
BD
DC

� � ��
CE
EA

AF
FB

1, then 
[AD], [BE] and [CF] are concurrent.

Note on Ceva’s theorem and Menelaus’ theorem
The statements and proofs of these theorems presuppose the idea of sensed magnitudes. Two segments [AB] 
and [PQ] of the same or parallel lines are said to have the same sense or opposite senses (or are sometimes 
called like or unlike) according to whether the displacements A → B and P → Q are in the same or opposite 
directions. The idea of sensed magnitudes may be used to prove the following theorem:

If A, B and C are any three collinear points, then AB  BC  CA  0, where AB, BC and CA denote sensed 
magnitudes.

Ptolemy’s theorem
If a quadrilateral is cyclic, the sum of the products of the two pairs of opposite sides equals the products of the 
diagonals. That is, for a cyclic quadrilateral ABCD, AB  CD  BC  DA  AC  BD .
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Angle bisector theorem
The angle bisector of an angle of a triangle divides the side of the triangle opposite the angle into segments 
proportional to the sides adjacent to the angle.

If ABC is the given triangle with (AD) as the bisector of angle BAC intersecting (BC) at point D, then 
BD
DC

AB
AC

�  for internal bisectors

and

BD
DC

AB
AC

��  for external bisectors.

	 BÂD  CÂD	 CÂD  EÂD

Included: the converse of this theorem.

A

B D C

E

DCB
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G

eo
gr

ap
hi

c 
sk

ill
s. 

A
im

 8
: T

he
 c

or
re

la
tio

n 
be

tw
ee

n 
sm

ok
in

g 
an

d 
lu

ng
 c

an
ce

r w
as

 “
di

sc
ov

er
ed

” 
us

in
g 

m
at

he
m

at
ic

s. 
Sc

ie
nc

e 
ha

d 
to

 ju
st

ify
 th

e 
ca

us
e.

 

C
ov

ar
ia

nc
e 

an
d 

(p
op

ul
at

io
n)

 p
ro

du
ct

 m
om

en
t 

co
rr

el
at

io
n 

co
ef

fic
ie

nt
 ρ

. 
C

ov
(

,
)

E[
(

)

,

(
)]

E(
)

x
y

x
y

X
Y

X
Y

XY
µ

µ
µ

µ

=
−

−

=
−

 

w
he

re
 

E(
),

E(
)

x
y

X
Y

µ
µ

=
=

. 
C

ov
(

,
)

V
ar

(
)V

ar
(

)
X

Y
X

Y
ρ
=

. 

A
pp

l: 
U

si
ng

 te
ch

no
lo

gy
 to

 fi
t a

 ra
ng

e 
of

 c
ur

ve
s 

to
 a

 se
t o

f d
at

a.
 

Pr
oo

f t
ha

t ρ
 =

 0
 in

 th
e 

ca
se

 o
f i

nd
ep

en
de

nc
e 

an
d 
±1

 in
 th

e 
ca

se
 o

f a
 li

ne
ar

 re
la

tio
ns

hi
p 

be
tw

ee
n 

X 
an

d 
Y.

 

Th
e 

us
e 

of
 ρ

 a
s a

 m
ea

su
re

 o
f a

ss
oc

ia
tio

n 
be

tw
ee

n 
X 

an
d 

Y,
 w

ith
 v

al
ue

s n
ea

r 0
 in

di
ca

tin
g 

a 
w

ea
k 

as
so

ci
at

io
n 

an
d 

va
lu

es
 n

ea
r +

1 
or

 n
ea

r 
–1

 in
di

ca
tin

g 
a 

st
ro

ng
 a

ss
oc

ia
tio

n.
 

TO
K

: M
at

he
m

at
ic

s a
nd

 th
e 

w
or

ld
. G

iv
en

 th
at

 
a 

se
t o

f d
at

a 
m

ay
 b

e 
ap

pr
ox

im
at

el
y 

fit
te

d 
by

 a
 

ra
ng

e 
of

 c
ur

ve
s, 

w
he

re
 w

ou
ld

 w
e 

se
ek

 fo
r 

kn
ow

le
dg

e 
of

 w
hi

ch
 e

qu
at

io
n 

is
 th

e 
“t

ru
e”

 
m

od
el

? 

A
im

 8
: T

he
 p

hy
si

ci
st

 F
ra

nk
 O

pp
en

he
im

er
 

w
ro

te
: “

Pr
ed

ic
tio

n 
is

 d
ep

en
de

nt
 o

nl
y 

on
 th

e 
as

su
m

pt
io

n 
th

at
 o

bs
er

ve
d 

pa
tte

rn
s w

ill
 b

e 
re

pe
at

ed
.”

 T
hi

s i
s t

he
 d

an
ge

r o
f e

xt
ra

po
la

tio
n.

 
Th

er
e 

ar
e 

m
an

y 
ex

am
pl

es
 o

f i
ts

 fa
ilu

re
 in

 th
e 

pa
st

, e
g 

sh
ar

e 
pr

ic
es

, t
he

 sp
re

ad
 o

f d
is

ea
se

, 
cl

im
at

e 
ch

an
ge

. 

(c
on

tin
ue

d)
 

D
ef

in
iti

on
 o

f t
he

 (s
am

pl
e)

 p
ro

du
ct

 m
om

en
t 

co
rr

el
at

io
n 

co
ef

fic
ie

nt
 R

 in
 te

rm
s o

f n
 p

ai
re

d 
ob

se
rv

at
io

ns
 o

n 
X 

an
d 

Y.
 It

s a
pp

lic
at

io
n 

to
 th

e 
es

tim
at

io
n 
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 ρ

. 

1

2
2

1
1
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2
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2
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1
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)(
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i
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i
n

n

i
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i
i

n

i
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i
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X
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Y
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X
Y
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=

=
=

=

=

−
−
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−
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−
=


 
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−
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
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∑
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Fu
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he
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ui
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nc
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nk
s 
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fo
rm

al
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te
rp

re
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n 
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 th
e 

ob
se

rv
ed

 v
al

ue
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 R

. S
ca

tte
r d

ia
gr

am
s. 

V
al

ue
s o

f r
 n

ea
r 0

 in
di

ca
te

 a
 w

ea
k 

as
so

ci
at

io
n 

be
tw

ee
n 

X 
an

d 
Y,

 a
nd

 v
al

ue
s n

ea
r ±

1 
in

di
ca

te
 a

 
st

ro
ng

 a
ss

oc
ia

tio
n.

 

(s
ee

 n
ot

es
 a

bo
ve

) 

Th
e 

fo
llo

w
in

g 
to

pi
cs

 a
re

 b
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ed
 o

n 
th

e 
as

su
m

pt
io

n 
of

 b
iv

ar
ia

te
 n

or
m

al
ity

. 
It 

is
 e

xp
ec

te
d 

th
at

 th
e 

G
D

C
 w

ill
 b

e 
us

ed
 

w
he

re
ve

r p
os

si
bl

e 
in

 th
e 

fo
llo

w
in

g 
w

or
k.

 

U
se

 o
f t

he
 t-

st
at

is
tic

 to
 te

st
 th

e 
nu

ll 
hy

po
th

es
is

 
ρ 

= 
0.

 
22

1n
R

R− −
 h
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 th

e 
St

ud
en

t’s
 t-

di
st

rib
ut

io
n 

w
ith

 

(
2)

n
−

 d
eg

re
es

 o
f f

re
ed

om
. 

K
no

w
le

dg
e 

of
 th

e 
fa

ct
s t

ha
t t

he
 re

gr
es

si
on

 o
f X

 
on

 Y
 (

)
E(

)|
X

Y
y

=
 a

nd
 Y

 o
n 

X 
(

)
E(

)|
Y

X
x

=
 

ar
e 

lin
ea

r. 

Le
as

t-s
qu

ar
es

 e
st

im
at

es
 o

f t
he

se
 re

gr
es

si
on

 
lin

es
 (p

ro
of

 n
ot

 re
qu

ire
d)

. 

Th
e 

us
e 

of
 th

es
e 

re
gr
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si

on
 li

ne
s t

o 
pr

ed
ic

t t
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va

lu
e 

of
 o

ne
 o

f t
he

 v
ar

ia
bl

es
 g

iv
en

 th
e 

va
lu

e 
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th

e 
ot

he
r. 
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1
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)
(

)

(
),

n

i
i

i
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=
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
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
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
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∑ ∑
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=

=
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
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
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T
op

ic
 4

—
Se

ts
, r

el
at

io
ns

 a
nd

 g
ro

up
s 

48
 h

ou
rs

 
Th

e a
im

s o
f t

hi
s t

op
ic

 ar
e t

o 
pr

ov
id

e t
he

 o
pp

or
tu

ni
ty

 to
 st

ud
y 

so
m

e i
m

po
rta

nt
 m

at
he

m
at

ic
al

 co
nc

ep
ts,

 an
d 

in
tro

du
ce

 th
e p

rin
ci

pl
es

 o
f p

ro
of

 th
ro

ug
h 

ab
str

ac
t a

lg
eb

ra
. 

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

4.
1 

Fi
ni

te
 a

nd
 in

fin
ite

 se
ts

. S
ub

se
ts

. 

O
pe

ra
tio

ns
 o

n 
se

ts
: u

ni
on

; i
nt

er
se

ct
io

n;
 

co
m

pl
em

en
t; 

se
t d

iff
er

en
ce

; s
ym

m
et

ric
 

di
ff

er
en

ce
. 

 
TO

K
: C

an
to

r t
he

or
y 

of
 tr

an
sf

in
ite

 n
um

be
rs

, 
R

us
se

ll’
s p

ar
ad

ox
, G

od
el

’s
 in

co
m

pl
et

en
es

s 
th

eo
re

m
s. 

D
e 

M
or

ga
n’

s l
aw

s:
 d

is
tri

bu
tiv

e,
 a

ss
oc

ia
tiv

e 
an

d 
co

m
m

ut
at

iv
e 

la
w

s (
fo

r u
ni

on
 a

nd
 in

te
rs

ec
tio

n)
. 

Ill
us

tra
tio

n 
of

 th
es

e 
la

w
s u

si
ng

 V
en

n 
di

ag
ra

m
s. 

St
ud

en
ts

 m
ay

 b
e 

as
ke

d 
to

 p
ro

ve
 th

at
 tw

o 
se

ts
 

ar
e 

th
e 

sa
m

e 
by

 e
st

ab
lis

hi
ng

 th
at

 A
B

⊆
 a

nd
 

B
A

⊆
. 

A
pp

l: 
Lo

gi
c,

 B
oo

le
an

 a
lg

eb
ra

, c
om

pu
te

r 
ci

rc
ui

ts
. 

4.
2 

O
rd

er
ed

 p
ai

rs
: t

he
 C

ar
te

si
an

 p
ro

du
ct

 o
f t

w
o 

se
ts

. 
 

 

R
el

at
io

ns
: e

qu
iv

al
en

ce
 re

la
tio

ns
; e

qu
iv

al
en

ce
 

cl
as

se
s. 

A
n 

eq
ui

va
le

nc
e 

re
la

tio
n 

on
 a

 se
t f

or
m

s a
 

pa
rti

tio
n 

of
 th

e 
se

t. 
A

pp
l, 

In
t:

 S
co

tti
sh

 c
la

ns
. 

4.
3 

Fu
nc

tio
ns

: i
nj

ec
tio

ns
; s

ur
je

ct
io

ns
; b

ije
ct

io
ns

. 
Th

e 
te

rm
 c

od
om

ai
n.

 
 

C
om

po
si

tio
n 

of
 fu

nc
tio

ns
 a

nd
 in

ve
rs

e 
fu

nc
tio

ns
. 

K
no

w
le

dg
e 

th
at

 th
e 

fu
nc

tio
n 

co
m

po
si

tio
n 

is
 n

ot
 

a 
co

m
m

ut
at

iv
e 

op
er

at
io

n 
an

d 
th

at
 if

 f
 is

 a
 

bi
je

ct
io

n 
fr

om
 se

t A
 to

 se
t B

 th
en

 
1

f−
 e

xi
st

s 
an

d 
is

 a
 b

ije
ct

io
n 

fr
om

 se
t B

 to
 se

t A
. 

4.
4 

B
in

ar
y 

op
er

at
io

ns
. 

A
 b

in
ar

y 
op

er
at

io
n 
∗ 

on
 a

 n
on

-e
m

pt
y 

se
t S

 is
 a

 
ru

le
 fo

r c
om

bi
ni

ng
 a

ny
 tw

o 
el

em
en

ts
 

,a
b

S
∈

 
to

 g
iv

e 
a 

un
iq

ue
 e

le
m

en
t c

. T
ha

t i
s, 

in
 th

is
 

de
fin

iti
on

, a
 b

in
ar

y 
op

er
at

io
n 

on
 a

 se
t i

s n
ot

 
ne

ce
ss

ar
ily

 c
lo

se
d.

 

 

O
pe

ra
tio

n 
ta

bl
es

 (C
ay

le
y 

ta
bl

es
). 
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Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

4.
5 

B
in

ar
y 

op
er

at
io

ns
: a

ss
oc

ia
tiv

e,
 d

is
tri

bu
tiv

e 
an

d 
co

m
m

ut
at

iv
e 

pr
op

er
tie

s. 
Th

e 
ar

ith
m

et
ic

 o
pe

ra
tio

ns
 o

n 


 a
nd

 
. 

Ex
am

pl
es

 o
f d

is
tri

bu
tiv

ity
 c

ou
ld

 in
cl

ud
e 

th
e 

fa
ct

 th
at

, o
n 


,  m
ul

tip
lic

at
io

n 
is

 d
is

tri
bu

tiv
e 

ov
er

 a
dd

iti
on

 b
ut

 a
dd

iti
on

 is
 n

ot
 d

is
tri

bu
tiv

e 
ov

er
 m

ul
tip

lic
at

io
n.

 

T
O

K
: W

hi
ch

 a
re

 m
or

e 
fu

nd
am

en
ta

l, 
th

e 
ge

ne
ra

l m
od

el
s o

r t
he

 fa
m

ili
ar

 e
xa

m
pl

es
? 

4.
6 

Th
e 

id
en

tit
y 

el
em

en
t e

. 

Th
e 

in
ve

rs
e 

1
a−

 o
f a

n 
el

em
en

t a
. 

Pr
oo

f t
ha

t l
ef

t-c
an

ce
lla

tio
n 

an
d 

rig
ht

-
ca

nc
el

la
tio

n 
by

 a
n 

el
em

en
t a

 h
ol

d,
 p

ro
vi

de
d 

th
at

 a
 h

as
 a

n 
in

ve
rs

e.
 

Pr
oo

fs
 o

f t
he

 u
ni

qu
en

es
s o

f t
he

 id
en

tit
y 

an
d 

in
ve

rs
e 

el
em

en
ts

. 

B
ot

h 
th

e 
rig

ht
-id

en
tit

y 
a

e
a

∗
=

 a
nd

 le
ft-

id
en

tit
y 

e
a

a
∗

=
 m

us
t h

ol
d 

if 
e 
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 a

n 
id

en
tit

y 
el

em
en

t. 

B
ot

h 
1

a
a

e
−

∗
=

 a
nd

 
1

a
a

e
−
∗

=
 m

us
t h

ol
d.

 

 

4.
7 

Th
e 

de
fin

iti
on

 o
f a

 g
ro

up
 {

,
}

G
∗

. 

Th
e 

op
er

at
io

n 
ta

bl
e 

of
 a

 g
ro

up
 is

 a
 L

at
in

 
sq

ua
re

, b
ut

 th
e 

co
nv

er
se

 is
 fa

ls
e.

 

Fo
r t

he
 se

t G
 u

nd
er
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 g

iv
en

 o
pe

ra
tio

n 
∗:

 

• 
G

 is
 c

lo
se

d 
un

de
r 
∗;

 

• 
∗ 

is
 a

ss
oc

ia
tiv

e;
 

• 
G

 c
on

ta
in

s a
n 
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en

tit
y 

el
em

en
t; 
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ea

ch
 e

le
m

en
t i

n 
G

 h
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n 

in
ve
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e 

in
 G

. 

A
pp

l: 
Ex

is
te

nc
e 

of
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ul

a 
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r r
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 o

f 
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m
ia

ls
. 

A
pp

l: 
G

al
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s t
he

or
y 
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r t

he
 im

po
ss

ib
ili

ty
 o

f 
su

ch
 fo

rm
ul

ae
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r p
ol

yn
om

ia
ls

 o
f d

eg
re

e 
5 

or
 

hi
gh

er
. 

A
be

lia
n 

gr
ou

ps
. 

a
b

b
a

∗
=

∗
, f

or
 a

ll 
,a
b

G
∈
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s 

4.
8 

Ex
am

pl
es

 o
f g

ro
up

s:
 

• 


, 
, 

 a
nd

 
 u

nd
er

 a
dd

iti
on

; 

• 
in

te
ge

rs
 u

nd
er

 a
dd

iti
on

 m
od

ul
o 

n;
 

• 
no

n-
ze

ro
 in

te
ge

rs
 u

nd
er

 m
ul

tip
lic

at
io

n,
 

m
od

ul
o 

p,
 w

he
re

 p
 is

 p
rim

e;
 

C
ro

ss
-to

pi
c 

qu
es

tio
ns

 m
ay

 b
e 

se
t i

n 
fu

rth
er

 
m

at
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m
at

ic
s e

xa
m
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at

io
ns
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o 

th
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e 
m

ay
 b

e 
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tio

ns
 o

n 
gr

ou
ps

 o
f m

at
ric

es
. 

A
pp

l: 
R

ub
ik

’s
 c

ub
e,

 ti
m

e 
m

ea
su

re
s, 

cr
ys

ta
l 

st
ru

ct
ur

e,
 sy

m
m

et
rie

s o
f m

ol
ec

ul
es

, s
tru

t a
nd

 
ca

bl
e 

co
ns

tru
ct

io
ns

, P
hy

si
cs

 H
2.

2 
(s

pe
ci

al
 

re
la

tiv
ity

), 
th

e 
8-

fo
ld

 w
ay

, s
up

er
sy

m
m

et
ry

. 

• 
sy

m
m

et
rie

s o
f p

la
ne

 fi
gu

re
s, 

in
cl

ud
in

g 
eq

ui
la

te
ra

l t
ria

ng
le

s a
nd

 re
ct

an
gl

es
; 

• 
in

ve
rti

bl
e 

fu
nc

tio
ns

 u
nd

er
 c

om
po

si
tio

n 
of

 
fu

nc
tio

ns
. 

Th
e 

co
m

po
si

tio
n 

2
1

T
T


 d
en

ot
es

 
1T
 fo

llo
w

ed
 

by
2T
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9 

Th
e 

or
de

r o
f a

 g
ro

up
. 

Th
e 
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r o
f a

 g
ro

up
 e

le
m

en
t. 

 
 

C
yc

lic
 g

ro
up

s. 
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en

er
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or
s. 

Pr
oo

f t
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t a
ll 
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cl
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 g

ro
up

s a
re

 A
be

lia
n.

 

 
A
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l: 

M
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 o
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, p
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e 
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m
be

rs
. 
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Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

4.
10

 
Pe

rm
ut

at
io

ns
 u

nd
er

 c
om

po
si

tio
n 

of
 

pe
rm

ut
at

io
ns

. 

C
yc

le
 n

ot
at

io
n 

fo
r p

er
m

ut
at

io
ns

. 

R
es

ul
t t

ha
t e

ve
ry

 p
er

m
ut

at
io

n 
ca

n 
be

 w
rit

te
n 

as
 

a 
co

m
po

si
tio

n 
of

 d
is

jo
in

t c
yc

le
s. 

Th
e 

or
de

r o
f a

 c
om

bi
na

tio
n 

of
 c

yc
le

s. 

O
n 

ex
am

in
at

io
n 

pa
pe

rs
: t

he
 fo

rm
 

1
2

3
3

1
2

p



=





 o
r i

n 
cy

cl
e 

no
ta

tio
n 

(1
32

) w
ill

 

be
 u

se
d 

to
 re

pr
es

en
t t

he
 p

er
m

ut
at

io
n 

1
3

→
, 

2
1

→
, 3

2.
→

 

A
pp

l: 
C

ry
pt

og
ra

ph
y,

 c
am

pa
no

lo
gy

. 

4.
11

 
Su

bg
ro

up
s, 

pr
op

er
 su

bg
ro

up
s. 

A
 p

ro
pe

r s
ub

gr
ou

p 
is 

ne
ith

er
 th

e g
ro

up
 it

se
lf 

no
r 

th
e s

ub
gr

ou
p 

co
nt

ai
ni

ng
 o

nl
y 

th
e i

de
nt

ity
 el

em
en

t. 
 

U
se

 a
nd

 p
ro

of
 o

f s
ub

gr
ou

p 
te

st
s. 

Su
pp

os
e 

th
at

 {
,

}
G
∗

 is
 a

 g
ro

up
 a

nd
 H

 is
 a

 
no

n-
em

pt
y 

su
bs

et
 o

f G
. T

he
n 

{
,

}
H

∗
 is

 a
 

su
bg

ro
up

 o
f {

,
}

G
∗

 if
 

1
a

b
H

−
∗

∈
 w

he
ne

ve
r 

,a
b

H
∈

. 

Su
pp

os
e 

th
at

 {
,

}
G
∗

 is
 a

 fi
ni

te
 g

ro
up

 a
nd

 H
 is

 a
 

no
n-

em
pt

y 
su

bs
et

 o
f G

. T
he

n 
{

,
}

H
∗

 is
 a

 
su

bg
ro

up
 o

f {
,

}
G
∗

 if
 H

 is
 c

lo
se

d 
un

de
r 
∗.

 

D
ef

in
iti

on
 a

nd
 e

xa
m

pl
es

 o
f l

ef
t a

nd
 ri

gh
t c

os
et

s 
of

 a
 su

bg
ro

up
 o

f a
 g

ro
up

. 
 

La
gr

an
ge

’s
 th

eo
re

m
. 

U
se

 a
nd

 p
ro

of
 o

f t
he

 re
su

lt 
th

at
 th

e 
or

de
r o

f a
 

fin
ite

 g
ro

up
 is

 d
iv

is
ib

le
 b

y 
th

e 
or

de
r o

f a
ny

 
el

em
en

t. 
(C

or
ol

la
ry

 to
 L

ag
ra

ng
e’

s t
he

or
em

.) 

 
A

pp
l: 

Pr
im

e 
fa

ct
or

iz
at

io
n,

 sy
m

m
et

ry
 b

re
ak

in
g.
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Syllabus content

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

4.
12

 
D

ef
in

iti
on

 o
f a

 g
ro

up
 h

om
om

or
ph

is
m

. 
In

fin
ite

 g
ro

up
s a

s w
el

l a
s f

in
ite

 g
ro

up
s. 

Le
t {

,*
}

G
 a

nd
 {

,
}

H


 b
e 

gr
ou

ps
, t

he
n 

th
e 

fu
nc

tio
n 

:f
G

H
→

 is
 a

 h
om

om
or

ph
is

m
 if

 
(

*
)

(
)

(
)

f
a

b
f

a
f

b
=


 fo

r a
ll 

,a
b

G
∈

. 

 

D
ef

in
iti

on
 o

f t
he

 k
er

ne
l o

f a
 h

om
om

or
ph

is
m

. 

Pr
oo

f t
ha

t t
he

 k
er

ne
l a

nd
 ra

ng
e 

of
 a

 
ho

m
om

or
ph

is
m

 a
re

 su
bg

ro
up

s. 

If 
:f
G

H
→

 is
 a

 g
ro

up
 h

om
om

or
ph

is
m

, t
he

n 
K

er
(

)f
 is

 th
e 

se
t o

f 
a

G
∈

 su
ch

 th
at

 
(

)
H

f
a

e
=

. 

Pr
oo

f o
f h

om
om

or
ph

is
m

 p
ro

pe
rti

es
 fo

r 
id

en
tit

ie
s a

nd
 in

ve
rs

es
. 

Id
en

tit
y:

 le
t 

Ge
 a

nd
 

He
 b

e 
th

e 
id

en
tit

y 
el

em
en

ts
 

of
 (

,
)

G
∗

 a
nd

 (
,

)
H


, r
es

pe
ct

iv
el

y,
 th

en
 

(
)

G
H

f
e

e
=

. 

In
ve

rs
e:

 
(

)1
1

(
)

(
)

f
a

f
a

−
−

=
 fo

r a
ll 

a
G

∈
. 

Is
om

or
ph

is
m

 o
f g

ro
up

s. 
In

fin
ite

 g
ro

up
s a

s w
el

l a
s f

in
ite

 g
ro

up
s. 

Th
e 

ho
m

om
or

ph
is

m
 

:f
G

H
→

 is
 a

n 
is

om
or

ph
is

m
 if

 f 
 is

 b
ije

ct
iv

e.
 

Th
e 

or
de

r o
f a

n 
el

em
en

t i
s u

nc
ha

ng
ed

 b
y 

an
 

is
om

or
ph

is
m

. 
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T
op

ic
 5

—
C

al
cu

lu
s 

48
 h

ou
rs

 
Th

e 
ai

m
s o

f t
hi

s t
op

ic
 a

re
 to

 in
tro

du
ce

 li
m

it 
th

eo
re

m
s a

nd
 c

on
ve

rg
en

ce
 o

f s
er

ie
s, 

an
d 

to
 u

se
 c

al
cu

lu
s r

es
ul

ts
 to

 so
lv

e 
di

ff
er

en
tia

l e
qu

at
io

ns
. 

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

5.
1 

In
fin

ite
 se

qu
en

ce
s o

f r
ea

l n
um

be
rs

 a
nd

 th
ei

r 
co

nv
er

ge
nc

e 
or

 d
iv

er
ge

nc
e.

 
In

fo
rm

al
 tr

ea
tm

en
t o

f l
im

it 
of

 su
m

, d
iff

er
en

ce
, 

pr
od

uc
t, 

qu
ot

ie
nt

; s
qu

ee
ze

 th
eo

re
m

. 

D
iv

er
ge

nt
 is

 ta
ke

n 
to

 m
ea

n 
no

t c
on

ve
rg

en
t. 

T
O

K
: Z

en
o’

s p
ar

ad
ox

, i
m

pa
ct

 o
f i

nf
in

ite
 

se
qu

en
ce

s a
nd

 li
m

its
 o

n 
ou

r u
nd

er
st

an
di

ng
 o

f 
th

e 
ph

ys
ic

al
 w

or
ld

. 

5.
2 

C
on

ve
rg

en
ce

 o
f i

nf
in

ite
 se

rie
s. 

Te
st

s f
or

 c
on

ve
rg

en
ce

: c
om

pa
ris

on
 te

st
; l

im
it 

co
m

pa
ris

on
 te

st
; r

at
io

 te
st

; i
nt

eg
ra

l t
es

t. 

Th
e 

su
m

 o
f a

 se
rie

s i
s t

he
 li

m
it 

of
 th

e 
se

qu
en

ce
 

of
 it

s p
ar

tia
l s

um
s. 

St
ud

en
ts

 sh
ou

ld
 b

e 
aw

ar
e 

th
at

 if
 l

im
0

n
x

x
→
∞

=
 

th
en

 th
e 

se
rie

s i
s n

ot
 n

ec
es

sa
ril

y 
co

nv
er

ge
nt

, 
bu

t i
f 

lim
0

n
x

x
→
∞

≠
, t

he
 se

rie
s d

iv
er

ge
s. 

T
O

K
: E

ul
er

’s
 id

ea
 th

at
 

1 2
1

1
1

1
−

+
−

+
=


. 

W
as

 it
 a

 m
is

ta
ke

 o
r j

us
t a

n 
al

te
rn

at
iv

e 
vi

ew
? 

Th
e 

p-
se

rie
s, 

1 p n
∑

. 
1 p n

∑
 is

 c
on

ve
rg

en
t f

or
 

1
p
>

 a
nd

 d
iv

er
ge

nt
 

ot
he

rw
is

e.
 W

he
n

1
p
=

, t
hi

s i
s t

he
 h

ar
m

on
ic

 
se

rie
s. 

Se
rie

s t
ha

t c
on

ve
rg

e 
ab

so
lu

te
ly

. 

Se
rie

s t
ha

t c
on

ve
rg

e 
co

nd
iti

on
al

ly
. 

C
on

di
tio

ns
 fo

r c
on

ve
rg

en
ce

. 

A
lte

rn
at

in
g 

se
rie

s. 

Po
w

er
 se

rie
s:

 ra
di

us
 o

f c
on

ve
rg

en
ce

 a
nd

 
in

te
rv

al
 o

f c
on

ve
rg

en
ce

. D
et

er
m

in
at

io
n 

of
 th

e 
ra

di
us

 o
f c

on
ve

rg
en

ce
 b

y 
th

e 
ra

tio
 te

st
. 

Th
e 

ab
so

lu
te

 v
al

ue
 o

f t
he

 tr
un

ca
tio

n 
er

ro
r i

s 
le

ss
 th

an
 th

e 
ne

xt
 te

rm
 in

 th
e 

se
rie

s. 
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Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

5.
3 

C
on

tin
ui

ty
 a

nd
 d

iff
er

en
tia

bi
lit

y 
of

 a
 fu

nc
tio

n 
at

 
a 

po
in

t. 
Te

st
 fo

r c
on

tin
ui

ty
: 

(
)

(
)

(
)

lim
lim

x
a–

x
a+

f
x

=
f

a
=

f
x

→
→

. 

 

C
on

tin
uo

us
 fu

nc
tio

ns
 a

nd
 d

iff
er

en
tia

bl
e 

fu
nc

tio
ns

. 
Te

st
 fo

r d
iff

er
en

tia
bi

lit
y:

 

f  
is

 c
on

tin
uo

us
 a

t a
 a

nd
 

(
)

0

(
)

lim h

f
a

h
–

f
a

h
→

−

+
 a

nd
  

(
)

0

(
)

lim h
+

f
a

h
–

f
a

h
→

+
 e

xi
st

 a
nd

 a
re

 e
qu

al
. 

St
ud

en
ts

 sh
ou

ld
 b

e 
aw

ar
e 

th
at

 a
 fu

nc
tio

n 
m

ay
 

be
 c

on
tin

uo
us

 b
ut

 n
ot

 d
iff

er
en

tia
bl

e 
at

 a
 p

oi
nt

, 
eg

 
(
)

f
x

=
x

 a
nd

 si
m

pl
e 

pi
ec

ew
is

e 
fu

nc
tio

ns
. 

5.
4 

Th
e 

in
te

gr
al

 a
s a

 li
m

it 
of

 a
 su

m
; l

ow
er

 a
nd

 
up

pe
r R

ie
m

an
n 

su
m

s. 
 

In
t:

 H
ow

 c
lo

se
 w

as
 A

rc
hi

m
ed

es
 to

 in
te

gr
al

 
ca

lc
ul

us
? 

In
t:

 C
on

tri
bu

tio
n 

of
 A

ra
b,

 C
hi

ne
se

 a
nd

 In
di

an
 

m
at

he
m

at
ic

ia
ns

 to
 th

e 
de

ve
lo

pm
en

t o
f c

al
cu

lu
s. 

A
im

 8
: L

ei
bn

iz
 v

er
su

s N
ew

to
n 

ve
rs

us
 th

e 
“g

ia
nt

s”
 o

n 
w

ho
se

 sh
ou

ld
er

s t
he

y 
st

oo
d—

w
ho

 
de

se
rv

es
 c

re
di

t f
or

 m
at

he
m

at
ic

al
 p

ro
gr

es
s?

 

TO
K

: C
on

si
de

r 



1
f

x
=

x
, 1

x
≤

≤
∞

. 

A
n 

in
fin

ite
 a

re
a 

sw
ee

ps
 o

ut
 a

 fi
ni

te
 v

ol
um

e.
 

C
an

 th
is

 b
e 

re
co

nc
ile

d 
w

ith
 o

ur
 in

tu
iti

on
? 

W
ha

t 
do

es
 th

is
 te

ll 
us

 a
bo

ut
 m

at
he

m
at

ic
al

 
kn

ow
le

dg
e?

 

Fu
nd

am
en

ta
l t

he
or

em
 o

f c
al

cu
lu

s. 
d

(
)d

(
)

d

x a

f
y

y
=

f
x

x









∫

. 

Im
pr

op
er

 in
te

gr
al

s o
f t

he
 ty

pe
 

(
)d

a

f
x

x
∞ ∫

. 
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Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

5.
5 

Fi
rs

t-o
rd

er
 d

iff
er

en
tia

l e
qu

at
io

ns
. 

G
eo

m
et

ric
 in

te
rp

re
ta

tio
n 

us
in

g 
sl

op
e 

fie
ld

s, 
in

cl
ud

in
g 

id
en

tif
ic

at
io

n 
of

 is
oc

lin
es

. 

 
A

pp
l: 

R
ea

l-l
ife

 d
iff

er
en

tia
l e

qu
at

io
ns

, e
g 

N
ew

to
n’

s l
aw

 o
f c

oo
lin

g,
 

po
pu

la
tio

n 
gr

ow
th

, 

ca
rb

on
 d

at
in

g.
 

N
um

er
ic

al
 so

lu
tio

n 
of

  

d
(

,
)

dy
=

f
x

y
x

  

us
in

g 
Eu

le
r’

s m
et

ho
d.

 

V
ar

ia
bl

es
 se

pa
ra

bl
e.

 

H
om

og
en

eo
us

 d
iff

er
en

tia
l e

qu
at

io
n 

 

d dy
y

=
f

x
x








  

us
in

g 
th

e 
su

bs
tit

ut
io

n 
y 

= 
vx

. 

So
lu

tio
n 

of
  

y′ 
+ 

P(
x)

y 
= 

Q
(x

), 
 

us
in

g 
th

e 
in

te
gr

at
in

g 
fa

ct
or

. 

1
(

,
)

n
n

n
n

y
y

hf
x

y
+
=

+
,  

1
n

n
x

x
h

+
=

+
,  

w
he

re
 h

 is
 a

 c
on

st
an

t. 
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Syllabus content

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

5.
6 

R
ol

le
’s

 th
eo

re
m

. 

M
ea

n 
va

lu
e 

th
eo

re
m

. 

 
In

t, 
TO

K
: I

nf
lu

en
ce

 o
f B

ou
rb

ak
i o

n 
un

de
rs

ta
nd

in
g 

an
d 

te
ac

hi
ng

 o
f m

at
he

m
at

ic
s. 

In
t:

 C
om

pa
re

 w
ith

 w
or

k 
of

 th
e 

K
er

al
a 

sc
ho

ol
. 

Ta
yl

or
 p

ol
yn

om
ia

ls
; t

he
 L

ag
ra

ng
e 

fo
rm

 o
f t

he
 

er
ro

r t
er

m
. 

A
pp

lic
at

io
ns

 to
 th

e 
ap

pr
ox

im
at

io
n 

of
 fu

nc
tio

ns
; 

fo
rm

ul
a 

fo
r t

he
 e

rr
or

 te
rm

, i
n 

te
rm

s o
f t

he
 v

al
ue

 
of

 th
e 

(n
 +

 1
)th

 d
er

iv
at

iv
e 

at
 a

n 
in

te
rm

ed
ia

te
 

po
in

t. 

M
ac

la
ur

in
 se

rie
s f

or
 e

x
, s

in
x

, c
os

x,
 

ln
(1

)x
+

, (
1

)p
x

+
, 

p∈


. 

U
se

 o
f s

ub
st

itu
tio

n,
 p

ro
du

ct
s, 

in
te

gr
at

io
n 

an
d 

di
ff

er
en

tia
tio

n 
to

 o
bt

ai
n 

ot
he

r s
er

ie
s. 

Ta
yl

or
 se

rie
s d

ev
el

op
ed

 fr
om

 d
iff

er
en

tia
l 

eq
ua

tio
ns

. 

St
ud

en
ts

 sh
ou

ld
 b

e 
aw

ar
e 

of
 th

e 
in

te
rv

al
s o

f 
co

nv
er

ge
nc

e.
 

5.
7 

Th
e 

ev
al

ua
tio

n 
of

 li
m

its
 o

f t
he

 fo
rm

 

(
)

(
)

lim x
a

f
x

g
x

→
 a

nd
 

(
)

(
)

lim x

f
x

g
x

→
∞

. 

Th
e 

in
de

te
rm

in
at

e 
fo

rm
s 

0 0
 a

nd
 ∞ ∞

. 
 

U
si

ng
 l’

H
ôp

ita
l’s

 ru
le

 o
r t

he
 T

ay
lo

r s
er

ie
s. 

R
ep

ea
te

d 
us

e 
of

 l’
H

ôp
ita

l’s
 ru

le
. 
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T
op

ic
 6

—
D

is
cr

et
e 

m
at

he
m

at
ic

s 
48

 h
ou

rs
 

Th
e 

ai
m

 o
f t

hi
s t

op
ic

 is
 to

 p
ro

vi
de

 th
e 

op
po

rtu
ni

ty
 fo

r s
tu

de
nt

s t
o 

en
ga

ge
 in

 lo
gi

ca
l r

ea
so

ni
ng

, a
lg

or
ith

m
ic

 th
in

ki
ng

 a
nd

 a
pp

lic
at

io
ns

. 

 
Co

nt
en

t 
Fu

rt
he

r g
ui

da
nc

e 
Li

nk
s 

6.
1 

St
ro

ng
 in

du
ct

io
n.

 

Pi
ge

on
-h

ol
e 

pr
in

ci
pl

e.
 

Fo
r e

xa
m

pl
e,

 p
ro

of
s o

f t
he

 fu
nd

am
en

ta
l 

th
eo

re
m

 o
f a

rit
hm

et
ic

 a
nd

 th
e 

fa
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Glossary of terminology: Discrete mathematics

Introduction
Teachers and students should be aware that many different terminologies exist in graph theory, and that different 
textbooks may employ different combinations of these. Examples of these are: vertex/node/junction/point; 
edge/route/arc; degree/order of a vertex; multiple edges/parallel edges; loop/self-loop.

In IB examination questions, the terminology used will be as it appears in the syllabus. For clarity, these terms 
are defined below.

Terminology

Bipartite graph A graph whose vertices can be divided into two sets such that no two vertices in the 
same set are adjacent.

Circuit A walk that begins and ends at the same vertex, and has no repeated edges.

Complement of a 
graph G

A graph with the same vertices as G but which has an edge between any two 
vertices if and only if G does not.

Complete bipartite 
graph

A bipartite graph in which every vertex in one set is joined to every vertex in the 
other set.

Complete graph A simple graph in which each pair of vertices is joined by an edge.

Connected graph A graph in which each pair of vertices is joined by a path.

Cycle A walk that begins and ends at the same vertex, and has no other repeated vertices.

Degree of a vertex The number of edges joined to the vertex; a loop contributes two edges, one for 
each of its end points.

Disconnected graph A graph that has at least one pair of vertices not joined by a path.

Eulerian circuit A circuit that contains every edge of a graph.

Eulerian trail A trail that contains every edge of a graph.

Graph Consists of a set of vertices and a set of edges.

Graph isomorphism 
between two simple 
graphs G and H

A one-to-one correspondence between vertices of G and H such that a pair of 
vertices in G is adjacent if and only if the corresponding pair in H is adjacent.

Hamiltonian cycle A cycle that contains all the vertices of the graph.

Hamiltonian path A path that contains all the vertices of the graph.
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Loop An edge joining a vertex to itself.

Minimum spanning 
tree

A spanning tree of a weighted graph that has the minimum total weight.

Multiple edges Occur if more than one edge joins the same pair of vertices.

Path A walk with no repeated vertices.

Planar graph A graph that can be drawn in the plane without any edge crossing another.

Simple graph A graph without loops or multiple edges.

Spanning tree of a 
graph

A subgraph that is a tree, containing every vertex of the graph.

Subgraph A graph within a graph.

Trail A walk in which no edge appears more than once.

Tree A connected graph that contains no cycles.

Walk A sequence of linked edges.

Weighted graph A graph in which each edge is allocated a number or weight.

Weighted tree A tree in which each edge is allocated a number or weight.
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Assessment

General
Assessment is an integral part of teaching and learning. The most important aims of assessment in the Diploma 
Programme are that it should support curricular goals and encourage appropriate student learning. Both 
external and internal assessment are used in the Diploma Programme. IB examiners mark work produced 
for external assessment, while work produced for internal assessment is marked by teachers and externally 
moderated by the IB.

There are two types of assessment identified by the IB.

•	 Formative assessment informs both teaching and learning. It is concerned with providing accurate and 
helpful feedback to students and teachers on the kind of learning taking place and the nature of students’ 
strengths and weaknesses in order to help develop students’ understanding and capabilities. Formative 
assessment can also help to improve teaching quality, as it can provide information to monitor progress 
towards meeting the course aims and objectives.

•	 Summative assessment gives an overview of previous learning and is concerned with measuring student 
achievement.

The Diploma Programme primarily focuses on summative assessment designed to record student achievement 
at or towards the end of the course of study. However, many of the assessment instruments can also be 
used formatively during the course of teaching and learning, and teachers are encouraged to do this. A 
comprehensive assessment plan is viewed as being integral with teaching, learning and course organization. 
For further information, see the IB Programme standards and practices document.

The approach to assessment used by the IB is criterion-related, not norm-referenced. This approach to 
assessment judges students’ work by their performance in relation to identified levels of attainment, and not in 
relation to the work of other students. For further information on assessment within the Diploma Programme, 
please refer to the publication Diploma Programme assessment: Principles and practice.

To support teachers in the planning, delivery and assessment of the Diploma Programme courses, a variety 
of resources can be found on the OCC or purchased from the IB store (http://store.ibo.org). Teacher support 
materials, subject reports, internal assessment guidance, grade descriptors, as well as resources from other 
teachers, can be found on the OCC. Specimen and past examination papers as well as markschemes can be 
purchased from the IB store.
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Methods of assessment
The IB uses several methods to assess work produced by students.

Assessment criteria
Assessment criteria are used when the assessment task is open-ended. Each criterion concentrates on a 
particular skill that students are expected to demonstrate. An assessment objective describes what students 
should be able to do, and assessment criteria describe how well they should be able to do it. Using assessment 
criteria allows discrimination between different answers and encourages a variety of responses. Each criterion 
comprises a set of hierarchically ordered level descriptors. Each level descriptor is worth one or more marks. 
Each criterion is applied independently using a best-fit model. The maximum marks for each criterion may 
differ according to the criterion’s importance. The marks awarded for each criterion are added together to give 
the total mark for the piece of work.

Markbands
Markbands are a comprehensive statement of expected performance against which responses are judged. They 
represent a single holistic criterion divided into level descriptors. Each level descriptor corresponds to a range 
of marks to differentiate student performance. A best-fit approach is used to ascertain which particular mark to 
use from the possible range for each level descriptor.

Markschemes
This generic term is used to describe analytic markschemes that are prepared for specific examination papers. 
Analytic markschemes are prepared for those examination questions that expect a particular kind of response 
and/or a given final answer from the students. They give detailed instructions to examiners on how to break 
down the total mark for each question for different parts of the response. A markscheme may include the 
content expected in the responses to questions or may be a series of marking notes giving guidance on how to 
apply criteria.
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Assessment outline

First examinations 2014

Assessment component Weighting

External assessment (5 hours)

Paper 1 (2 hours 30 minutes)
Graphic display calculator required.

Compulsory short- to medium-response questions based on the whole syllabus.

50%

Paper 2 (2 hours 30 minutes)
Graphic display calculator required.

Compulsory medium- to extended-response questions based on the whole syllabus.

50%
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Assessment details

External assessment

Papers 1 and 2
These papers are externally set and externally marked. The papers are designed to allow students to 
demonstrate what they know and what they can do.

Markschemes are used to assess students in both papers. The markschemes are specific to each examination.

Calculators
Papers 1 and 2
Students must have access to a GDC at all times. However, not all questions will necessarily require the use of 
the GDC. Regulations covering the types of GDC allowed are provided in the Handbook of procedures for the 
Diploma Programme.

Mathematics HL and further mathematics HL formula booklet
Each student must have access to a clean copy of the formula booklet during the examination. It is the 
responsibility of the school to download a copy from IBIS or the OCC and to ensure that there are sufficient 
copies available for all students.

Awarding of marks
Marks may be awarded for method, accuracy, answers and reasoning, including interpretation.

In paper 1 and paper 2, full marks are not necessarily awarded for a correct answer with no working. 
Answers must be supported by working and/or explanations (in the form of, for example, diagrams, graphs 
or calculations). Where an answer is incorrect, some marks may be given for correct method, provided this is 
shown by written working. All students should therefore be advised to show their working.

Paper 1
Duration: 2 hours 30 minutes
Weighting: 50%
•	 This paper consists of short- to medium-response questions. A GDC is required for this paper, but not 

every question will necessarily require its use.

Syllabus coverage
•	 Knowledge of all topics in the syllabus is required for this paper. However, not all topics are necessarily 

assessed in every examination session.
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Mark allocation
•	 This paper is worth 150 marks, representing 50% of the final mark.

•	 Questions of varying levels of difficulty and length are set. Therefore, individual questions may not 
necessarily be worth the same number of marks. The exact number of marks allocated to each question is 
indicated at the start of the question.

•	 The intention of this paper is to test students’ knowledge across the breadth of the syllabus.

Question type
•	 Questions may be presented in the form of words, symbols, diagrams or tables, or combinations of these.

Paper 2
Duration: 2 hours 30 minutes
Weighting: 50%
•	 This paper consists of medium- to extended-response questions. A GDC is required for this paper, but 

not every question will necessarily require its use.

Syllabus coverage
•	 Knowledge of all topics in the core of the syllabus is required for this paper. However, not all topics are 

necessarily assessed in every examination session.

Mark allocation
•	 This paper is worth 150 marks, representing 50% of the final mark.

•	 Questions of varying levels of difficulty and length are set. Therefore, individual questions may not 
necessarily each be worth the same number of marks. The exact number of marks allocated to each 
question is indicated at the start of the question.

•	 The intention of this paper is to test students’ knowledge and understanding across the breadth of the 
syllabus.

Question type
•	 Questions may be presented in the form of words, symbols, diagrams or tables, or combinations of these.

Internal assessment
There is no internal assessment component in this course.
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Glossary of command terms

Command terms with definitions
Students should be familiar with the following key terms and phrases used in examination questions, which 
are to be understood as described below. Although these terms will be used in examination questions, other 
terms may be used to direct students to present an argument in a specific way.

Calculate Obtain a numerical answer showing the relevant stages in the working.

Comment Give a judgment based on a given statement or result of a calculation.

Compare Give an account of the similarities between two (or more) items or situations, 
referring to both (all) of them throughout.

Compare and 
contrast

Give an account of the similarities and differences between two (or more) items or 
situations, referring to both (all) of them throughout.

Construct Display information in a diagrammatic or logical form.

Contrast Give an account of the differences between two (or more) items or situations, 
referring to both (all) of them throughout.

Deduce Reach a conclusion from the information given.

Demonstrate Make clear by reasoning or evidence, illustrating with examples or practical 
application.

Describe Give a detailed account.

Determine Obtain the only possible answer.

Differentiate Obtain the derivative of a function.

Distinguish Make clear the differences between two or more concepts or items.

Draw Represent by means of a labelled, accurate diagram or graph, using a pencil. A 
ruler (straight edge) should be used for straight lines. Diagrams should be drawn to 
scale. Graphs should have points correctly plotted (if appropriate) and joined in a 
straight line or smooth curve.

Estimate Obtain an approximate value.

Explain Give a detailed account, including reasons or causes.

Find Obtain an answer, showing relevant stages in the working.

Hence Use the preceding work to obtain the required result.

Hence or otherwise It is suggested that the preceding work is used, but other methods could also receive 
credit.
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Identify Provide an answer from a number of possibilities.

Integrate Obtain the integral of a function.

Interpret Use knowledge and understanding to recognize trends and draw conclusions from 
given information.

Investigate Observe, study, or make a detailed and systematic examination, in order to establish 
facts and reach new conclusions.

Justify Give valid reasons or evidence to support an answer or conclusion.

Label Add labels to a diagram.

List Give a sequence of brief answers with no explanation.

Plot Mark the position of points on a diagram.

Predict Give an expected result.

Prove Use a sequence of logical steps to obtain the required result in a formal way.

Show Give the steps in a calculation or derivation.

Show that Obtain the required result (possibly using information given) without the formality 
of proof. “Show that” questions do not generally require the use of a calculator.

Sketch Represent by means of a diagram or graph (labelled as appropriate). The sketch 
should give a general idea of the required shape or relationship, and should include 
relevant features.

Solve Obtain the answer(s) using algebraic and/or numerical and/or graphical methods.

State Give a specific name, value or other brief answer without explanation or calculation.

Suggest Propose a solution, hypothesis or other possible answer.

Verify Provide evidence that validates the result.

Write down Obtain the answer(s), usually by extracting information. Little or no calculation is 
required. Working does not need to be shown.
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Notation list

Of the various notations in use, the IB has chosen to adopt a system of notation based on the recommendations of the 
International Organization for Standardization (ISO). This notation is used in the examination papers for this course 
without explanation. If forms of notation other than those listed in this guide are used on a particular examination 
paper, they are defined within the question in which they appear. 

Because students are required to recognize, though not necessarily use, IB notation in examinations, it is recommended 
that teachers introduce students to this notation at the earliest opportunity. Students are not allowed access to 
information about this notation in the examinations. 

Students must always use correct mathematical notation, not calculator notation. 

  the set of positive integers and zero, {0,1, 2, 3, ...}  

  the set of integers, {0, 1, 2, 3, ...}± ± ±  

+
  the set of positive integers, {1, 2, 3, ...} 

  the set of rational numbers 

+
  the set of positive rational numbers, { | , 0}x x x∈ >  

  the set of real numbers 

+
  the set of positive real numbers, { | , 0}x x x∈ >  

  the set of complex numbers, { i | , }a b a b+ ∈  

i  1−  

z  a complex number 

z∗  the complex conjugate of z 

z  the modulus of z 

arg z  the argument of z 

Re z  the real part of z 

Im z  the imaginary part of z 

cisθ  ic s ino sθ θ+  

1 2{ , , ...}x x  the set with elements 1 2, , ...x x  

( )n A  the number of elements in the finite set A  

{ | }x  the set of all x such that 

∈ is an element of 

∉ is not an element of 

∅  the empty (null) set 

U  the universal set 

∪  union 
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∩  intersection 

⊂  is a proper subset of 

⊆  is a subset of 

A′  the complement of the set A  

A B×  the Cartesian product of sets A  and B  (that is, {( , ) , }A B a b a A b B× = ∈ ∈ ) 

|a b  a divides b 

1/ na , n a  a to the power of 
1
n

, thn  root of a (if 0a ≥  then 0n a ≥ ) 

1/ 2a , a  a to the power 
1
2

, square root of a (if 0a ≥  then 0a ≥ ) 

x  the modulus or absolute value of x, that is 
  for 0,  

for 0,  
x x x
x x x

≥ ∈
− < ∈





  
  

 

≡  identity 

≈  is approximately equal to 

>  is greater than 

≥  is greater than or equal to 

<  is less than 

≤  is less than or equal to 

>/  is not greater than 

</  is not less than 

[ ],a b  the closed interval a x b≤ ≤  

] [,a b  the open interval a x b< <  

nu  the thn  term of a sequence or series 

d  the common difference of an arithmetic sequence 

r  the common ratio of a geometric sequence 

nS  the sum of the first n terms of a sequence, 1 2 ... nu u u+ + +  

S∞  the sum to infinity of a sequence, 1 2 ...u u+ +  

1

n

i
i

u
=
∑  1 2 ... nu u u+ + +  

1

n

i
i

u
=
∏  1 2 ... nu u u× × ×  

n
r
 
 
 

 
!

!( )!
n

r n r−
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:f A B→   f is a function under which each element of set A has an image in set B 

:f x y   f is a function under which x is mapped to y 

( )f x  the image of x under the function f 

1f −  the inverse function of the function f 

f g  the composite function of f and g 

lim ( )
x a

f x
→

 the limit of ( )f x  as x tends to a 

d
d
y
x

 the derivative of y with respect to x 

( )f x′  the derivative of ( )f x  with respect to x 

2

2

d
d

y
x

 the second derivative of y with respect to x 

( )f x′′  the second derivative of ( )f x  with respect to x 

d
d

n

n

y
x

 the thn  derivative of y with respect to x 

( ) ( )nf x  the thn  derivative of ( )f x  with respect to x 

dy x∫  the indefinite integral of y with respect to x 

d
b

a
y x∫  the definite integral of y with respect to x between the limits x a=  and x b=  

ex  the exponential function of x 

loga x  the logarithm to the base a of x 

ln x  the natural logarithm of x, elog x  

sin,  cos,  tan  the circular functions 

arcsin,  arccos,
arctan





 the inverse circular functions 

csc,  sec, cot  the reciprocal circular functions 

A( , )x y  the point A in the plane with Cartesian coordinates x and y 

[ ]AB  the line segment with end points A and B 

AB  the length of [ ]AB  

( )AB  the line containing points A and B 

Â  the angle at A 
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ˆCAB  the angle between [ ]CA  and [ ]AB  

ABC∆  the triangle whose vertices are A, B and C 

v the vector v 

AB
→

 the vector represented in magnitude and direction by the directed line segment from A to B 

a the position vector OA
→

 

i, j, k unit vectors in the directions of the Cartesian coordinate axes 

a  the magnitude of a 

|AB|
→

 the magnitude of AB
→

 

⋅v w  the scalar product of v and w 

×v w  the vector product of v and w 

1−A  the inverse of the non-singular matrix A 

TA  the transpose of the matrix A 

det A  the determinant of the square matrix A 

I the identity matrix 

P( )A  the probability of event A 

P( )A′  the probability of the event “not A ” 

P( | )A B  the probability of the event A given B 

1 2, , ...x x  observations 

1 2, , ...f f  frequencies with which the observations 1 2, , ...x x  occur 

Px  the probability distribution function P( = )X x  of the discrete random variable X 

( )f x  the probability density function of the continuous random variable X 

( )F x  the cumulative distribution function of the continuous random variable X 

E ( )X  the expected value of the random variable X 

Var ( )X  the variance of the random variable X 

µ  population mean 

2σ  population variance, 

2

2 1
( )

k

i i
i

f x

n

µ
σ =

−
=
∑

, where 
1

k

i
i

n f
=

=∑  

σ  population standard deviation 

x  sample mean 
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2
ns  sample variance, 

2

2 1
( )

k

i i
i

n

f x x
s

n
=

−
=
∑

, where 
1

k

i
i

n f
=

=∑  

ns  standard deviation of the sample 

2
1ns −  

unbiased estimate of the population variance, 

2

2 2 1
1

( )

1 1

k

i i
i

n n

f x x
ns s

n n
=

−

−
= =

− −

∑
, where 

1

k

i
i

n f
=

=∑  

( )B ,  n p  binomial distribution with parameters n and p 

( )Po m  Poisson distribution with mean m 

( )2N ,µ σ  normal distribution with mean µ  and variance 2σ  

( )~ B ,X n p  the random variable X has a binomial distribution with parameters n and p 

( )~ PoX m  the random variable X has a Poisson distribution with mean m 

( )2~ N ,X µ σ  the random variable X has a normal distribution with mean µ  and variance 2σ  

Φ  cumulative distribution function of the standardized normal variable with distribution 
( )N 0,1  

ν  number of degrees of freedom 

\A B  the difference of the sets A and B (that is, \ { and }A B A B x x A x B∩ ′= = ∈ ∉ ) 

A B∆  the symmetric difference of the sets A and B (that is, ( \ ) ( \ )A B A B B A∆ = ∪ ) 

nκ  a complete graph with n vertices 

,n mκ  a complete bipartite graph with one set of n vertices and another set of m vertices 

p  the set of equivalence classes {0,1, 2, , 1}p −  of integers modulo p 

gcd( , )a b  the greatest common divisor of integers a and b 

lcm( , )a b  the least common multiple of integers a and b 

GA  the adjacency matrix of graph G 

GC  the cost adjacency matrix of graph G 
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